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Abstract. The following version of the weighted Hermite-Hadamard inequalities for set-valued functions is presented: Let Y be a Banach space and F : [a, b] → cl(Y ) be a continuous set-valued function. If F is convex, then
where µ is a Borel measure on [a, b] and xµ is the barycenter of µ on [a, b] . The converse result is also given.
Introduction
It is well known that if a function f : I → R is convex, that is f (tx + (1 − t)y) ≤ tf (x) + (1 − t)f (y), x, y ∈ I, t ∈ [0, 1], then it satisfies the following Hermite-Hadamard double inequality
f (x) + f (y) 2 , x, y ∈ I, x < y.
Moreover, for continuous functions f , the validity of the left or the right-hand side inequality in (1) is equivalent to the convexity of f (cf. e.g. [1] , [2] , [5] , [6] , [8] ). The purpose of this note is to prove a set-valued counterpart of the weighted version of the above Hermite-Hadamard inequality. Our main theorem generalizes some earlier results of this type obtained by E. Sadowska [11] and B. Piątek [9] . As a consequence of the theorem, we obtain a set-valued counterpart of the classical Fejér inequality. We present also a converse of the Hermite-Hadamard theorem for set-valued functions. Let Y be a Banach space and I ⊂ R be an interval. We denote by n(Y ) and cl(Y ) the families of all non-empty and non-empty closed subsets of Y , respectively. A set-valued function F :
for all x 1 , x 2 ∈ I and t ∈ [0, 1]. F : I → n(Y ) is said to be continuous at a point x 0 if for every neighbourhood V of zero in Y there exists a neighbourhood U of zero in R such that
, for every x ∈ I. Given a Borel measure µ on I and [a, b] ⊂ I, we denote by b a F (x) dµ(x) the Aumann integral of F , i.e. the set of the integrals of all µ-integrable selections of F .
Main results
The weighted Hermite-Hadamard theorem for set-valued functions reads as follows. 
,
In the proof of this theorem we will use the following lemma (cf. [4] ).
Lemma 2. If a set-valued function F : [a, b] → cl(R) is continuous and convex, then it has one of the following forms:
Proof. By the convexity of F it follows that if F (x 0 ) is bounded from below (above) for some x 0 ∈ [a, b], then F (x) is bounded from below (above) for every x ∈ [a, b] (in the case x 0 ∈ {a, b} we use additionally the continuity of F at x 0 ). Now, it is enough to define
and use the fact that the values of F are closed and convex.
Proof of Theorem 1. The proof of the left-hand side inclusion is divided into two steps. First, we assume that Y = R. Then, by Lemma 1, F has one of the forms a), b), c),
(the proof in the remaining cases is similar). Let h be a µ-integrable selection of F . Then, by the weighted Hermite-Hadamard inequality (see [2] , [6] ), we have
and, consequently,
Now, assume that Y is an arbitrary Banach space. Take a continuous linear functional y * ∈ Y * and consider the set-valued function y * • F defined by
. This set-valued function is convex and continuous and its values are closed subsets of R. Therefore, by the previous step,
Let h be an arbitrary µ-integrable selection of F . Then y * •h is a µ-integrable selection of y * • F . Therefore, by (4) and the fact that
Since this condition holds for every y * ∈ Y * , by the separation theorem (cf.
[10], Corollary 2.5.11), we obtain
which proves the left-hand side inclusion in (3) .
In order to prove the right-hand side inclusion in (3) take arbitrary
where u ∈ F (a) and v ∈ F (b). Define
By the convexity of F , we have
which means that f is a selection of F . Moreover, being continuous, f is µ-integrable. Since
This shows that
and finishes the proof.
Remark 3. In the particular case µ = λ (the Lebesgue measure), (3) reduces to
This result was obtained by E. Sadowska [11] . The second inclusion has been also proved, for the Hukuhara integral, by B. Piątek [9] . 
As a consequence of Theorem 1, we obtain also the following result.
Proof. Applying the right-hand side inclusion in (3) on the intervals [a,
Summing up and taking into account the additivity of the integral, we obtain the conclusion.
Then, by Corollary 6, we get the following known inequality concerning convex functions (cf. [6] , [8] ):
The converse of Hermite-Hadamard theorem
It is known that if a continuous function f : I → R satisfies the left or the right-hand side inequality in (1), then it is convex. In this section, we present a set-valued counterpart of that result. In what follows, we assume that Y is a separable Banach space and denote by bccl(Y ) the family of all bounded convex closed and non-empty subsets of Y .
Then F is convex.
Proof. We proceed by reductio ad absurdum. Suppose that F is not convex, i.e. (2) does not hold. Then there exist t 0 ∈ (0, 1), x 1 , x 2 ∈ I and y 1 ∈ F (x 1 ), y 2 ∈ F (x 2 ) such that
Since the set F (t 0 x 1 + (1 − t 0 )x 2 ) is convex and closed, by the separation theorem, there exists a continuous linear functional y * ∈ Y * such that
Consider the function f : I → R defined by f (x) = sup y * (F (x)), x ∈ I. Clearly, f is continuous and, in view of (8) and the fact that
Therefore f is concave.
Similarly, if F satisfies (6) then also
From here
, a, b ∈ I, a < b
and, consequently, f is also concave. In both cases, by the concavity of f , we have f (t 0 x 1 + (1 − t 0 )x 2 ) ≥ t 0 f (x 1 ) + (1 − t 0 )f (x 2 ).
Hence sup y * (F (t 0 x 1 + (1 − t 0 )x 2 )) ≥ t 0 sup y * (F (x 1 )) + (1 − t 0 ) sup y * (F (x 2 )) ≥ t 0 y * (y 1 ) + (1 − t 0 )y * (y 2 ) = y * (z).
This contradicts (7) and finishes the proof.
Remark 9. The fact that if F is continuous and satisfies condition (6) for the Hukuhara integral then it is convex, was proved by B. Piątek [9] . Note also that conditions (5) and (6) satisfied together imply the Jensen convexity of F , i.e. Hence, under weak regularity assumptions, such as lower semicontinuity at a point, measurability, boundedness on a set with non-empty interior etc., it follows that F is convex (cf. e.g. [7] and the references therein).
